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Tcnperature d i s t r i b u t i o n s  are determined a n a l y t i c a l l y  for fu l ly  

developed laminar h e a t  transfer i n  channels with a spec t  r a t i o s  from 1 

. '?_E' channel walls are uniformly heated, b u t  t h e  h e a t  f l u x  on t h e  

short s ides  i s  an arbi t rary f r a c t i o n  between 0 and 1 of  t h e  h e a t  f l u x  on 

t h e  broad s ides .  For a l l  cases,  t h e  w a l l  temperatures are compared on 

t h e  basis t h a t  t h e  t o t a l  hea t  t r a n s f e r r e d  p e r  u n i t  channel l e n g t h  is  

maintained a t  a f i x e d  value. 

i t i e s  i n  t h e  corners  and along t h e  narrow w a l l s  always caused t h e  peak 

temperatures t o  occur a t  t h e  corners.  The lowest peak temperatures were 

found when a l l  the h e a t i n g  took place a t  only the broad w a l l s  r a t h e r  t han  

when h e a t i n g  w a s  p a r t l y  d i s t r i b u t e d  t o  t h e  s h o r t  s ides .  This r e s u l t s  from 

t h e  f a c t  t h a t ,  when f'ow sirj,ea are heated, more energy i s  being suppl ied 

t o  t h e  low v e l o c i t y  corner  regions. For h e a t i n g  a t  only t h e  braad w a l l s ,  

t he  corner  temperature decreases r a p i d l y  as t h e  a spec t  r a t i o  i s  increased 

t o  about 10  and i n s i g r i i f i c a i t l y  t h e r e a f t e r .  I n  t h e  l i m i t  o f  i n f i n i t e  as- 

pert r a t i o ,  t h e  w a l l  temperature d i s t r i b u t i o n  does not approach a constant  

The poor convection due t o  t h e  low veloc-  

3 ;  IS t he  case for. Liifiilite p x L k 1  $Lzfpqz # /IT r J 0 L  

NOMENCLATURE 

a,b h a l f  1.engths of s h o r t  and broad sides, r e s p e c t i v e l y  
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Q heat, a d d i t i o n  pe r  u n i t  channel l eng th  

cl h e a t  a d d i t i o n  per  u n i t  w a l l  area 

T temper a t  u r e  

U f l u i d  v e l o c i t y  

U mean f l u i d  v e l o c i t y  

X dimensionless coordinate,  x/a 

X coordinate  measured along s h o r t  s i d e  from channel c e n t e r  

Y dimensionless coordinate,  y/b 

' J  

B h e a t  flux r a t i o ,  qs/qB 

Y aspec t  r a t i o ,  %/a 

9 dimensionless temperatur e, 4kT/Q 

Subs c r  i p t  s : 

- 

coordinate  measured along long s i d e  from channel c e n t e r  

B refers t o  broad s i d e  

b b u l k  mean value 

8 refers t o  s h o r t  s i d e  

W va lue  a t  w a l l  

LNTRODUCTIOW 

Rectangular coolant  channels a r e  o f t e n  employed i n  heat-exchange de- 

l * v ices ,  p a r t i c u l a r l y  i n  nuc lea r  r e a c t o r  plate-ty-pe f u e l  assemblies where 
I >  
1 .  

T w;de, ?_I p a r a l l e l  fuel-%eazing p l a t e s  are supported by unfueled s i d e  p l a t e s .  

Tn such assemblies, most of t h e  t o t a l  h e a t i n g  i s  produced i n  t h e  broad, 

l'u.i.Ie-7 -1 y" ~ f n c  i~ft41 the -~~mR?nder  ( u s u a l l y  less than  10 percen t )  r e z ~ u l t i n g  

i'r-orn gamma h e a t i n g  i n  t h e  support  walls.  For examplc, i n  [l] 5 r e r c e n t  

o?' t h e  t o t a l  heating i s  generated i n  t h e  support  w a l l s .  Cooling i s  

t 
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accomplished by passing high v e l o c i t y  f l u i d  through t h e  channels. A 

f a c t o r  of importance f o r  proper operat ion of t h e  r e a c t o r  i s  maintaining 

a s a t i s f a c t o r y  temperature d i s t r i b u t i o n  i n  t h e  cool ing channel walls. 

Seve ra l  papers have t r e a t e d  laminar f u l l y  developed h e a t  t ransfer  

i n  r ec t angu la r  channels. 

form and nonuniform hea t ing  take place on a l a r g e  f r a c t i o n  of  only t h e  

broad w a l l s .  

i n g  over t h e  e n t i r e  broad w a l l s  (w i th  t h e  s i d e  w a l l s  unheated) w a s  solved 

rlumerically f o r  channels having aspect  r a t i o s  of 10 and 20. 

v a r i a t i o n a l  methods were descr ibed f o r  channel h e a t - t r a n s f e r  problems, 

and r e su l t s  were evaluated for aspect  r a t i o s  of 1 and 10 f o r  uniform hea t  

f l u x  on a l l  four s ides ,  and f o r  an aspect  r a t i o  of 10 with uniform h e a t -  

i n g  on t h e  broad s ides  only. An a n a l y t i c a l  s o l u t i o n  w a s  obtained i n  [ 41 

f o r  uniform hea t ing  on fou r  s ides ,  and resu l t s  were evaluated f o r  a spec t  

r a t i o s  of 1, 2, and 4, 

I n  [ Z ]  t h e  problem is  examined where bo th  uni-  

A s  p a r t  of t h e  s o l u t i o n  i n  [2] ,  t h e  case of uniform hea t -  

In [ 3 ] ,  

It i s  t h e  purpose 3f t h i s  note  t o  provide t h e  gene ra l  s o l u t i o n  where 

h e a t i n g  occurs on a l l  f o u r  w a l l s  f o r  t h e  condi t ions that t h e  uniform h e a t  

f l u x  on t h e  s h o r t  w a l l s  i s  any prescr ibed f r a c t i o n  between 0 and 1 of t h e  

f l u x  on t h e  broad w a l l s .  The t o t a l  heat  input  per u n i t  channel l eng th  i s  

maintained constant ,  and a spec t  ratios from 1 t o  ~0 are considered. 

ANALYSIS 

The rec t angu la r  channel and i t s  coordinate system are shown i n  

><go 1. 

considered,  and t h e  f l u i d  i s  assumed t o  have constant  p rope r t i e s .  

Pnly t h e  TI 113' Aweloped v e l o c i t y  and temperature regionz are  - 

Veloc i ty  d i s t r i b u t i m .  - For steady laminar flow, t h e  v e l o c i t y  
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d i s t r i b u t i o n  u, as given i n  [SI, was in t eg ra t ed  over t h e  c ross  sec t ion  

and t h e  r e s u l t  divided by  t h e  c ross -sec t iona l  area t o  give t h e  mean ve- 

l o c i t y  8. This w a s  used t o  nondimensionalize u: 
L 

vhere 

G = [ - & + $ C  - 5 tanh(.)l -1 

m 

m=l,3,5, . . . 
y i s  t h e  aspec t  r a t i o  b/a, X = x/a, and Y = y/b. 

Energy equation. - T'he energy equation f o r  t h e  f l u i d  temperature T, 

wi th  viscous d i s s i p a t i o n  neglected,  is 

where p, cp, and k are the f l u i d  densi ty ,  s p e c i f i c  hea t ,  and thermal 

conduct ivi ty ,  r e spec t ive ly ,  

t i o n  p e r  u n i t  channel length,  Q, and a f u l l y  developed temperature pro- 

f i l e ,  a hea t  ba lance  on a u n i t  of channel length  provides t h e  resul t :  

Vnder the  assumptions of constant  hea t  addi-  

r iliation ( 2 )  now becames 
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From smetry, only the first quadrant need be considered, and the bound- 

ary conditions are 

where p = qs/qB, a parameter in the problem, in which q, and q, are, 

respectively, the heat fluxes at the broad and short walls. The energy 

X q s  (3) is to be solved subject to the boundary conditions (4) using the 

velocity distribution (1) 

Superposition of solutions. - Equation (3) is written in terms of 

the dimensionless temperature 9 = 4kT/Q: 

This is a nonhomogeneous second order partial differential equation, and 

the difficulty of solution is caused by the complexity of the 

By superposition, the solution is expressed as the sum of a particular so- 

lution 

u/b term. 

which satisfies the Poisson equation: eP, 

and a complementary solution €J,, which satisfies the Laplace equation: 

$9, = 0 (5-b)  

A particular solutilsn can be adapted from the one given in [ 4 1  avid is 

m i t t e n  in the dirnen~inr~l-ess form: 
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f- --z ,5 

n=1,3,5, . 
7 . .  

where G w a s  given a f te r  Eq. (1) and ‘C* = 1/2[y + p ]  . 
The complementary s o l u t i o n  is  divided i n t o  two parts 8, = €I1 + e2 

having t’ne bourrdary condi t ion 

I:: a d d i t i o n  t o  s a t i s f y i n g  t h e s e  boundary condi t ions,  it is  a r e s t r i c t i o n  

of t h e  Neumann problem f o r  Laplace’s equatio; t h a t  the l i n e  i n t e g r a l  of 

t h e  normal d e r i v a t i v e s  around t h e  boundary be zero, a condi t ion t h a t  w a s  

used t o  evaluate  C* from e i t h e r  Eqs. ( 7 )  o r  Eqs. (8) .  It i s  t h e  neces 

s i t y  o f  s a t i s f y i n g  t h e s e  l i n e  i n t e g r a l  condi t ions t h a t  r equ i r ed  t h e  

* 

€I* 

.- 1’ ; inc t jnZ  _ _ _  t- b e  intyc+%ed- 

The s o l u t i o n s  f o r  61 arid e2 were found by us ing  product s o l u t i o n s  

i n  conjunction w i t h  Fourier Yeries expansions of t h e  boundary condit,ions. 
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The final dimensionless forms are: 

00 

01 =)-/ 

n=1,2,3, . .  
cos ( nxy) 

An = G 

2 tanh(y) + y]} (10) 

The analytical forms of O1 and- El2 automatically satisfy the zero 

derivative conditions in Eqs .  (7) and (8). The Fourier coefficients A, 

and Bn were evaluated to satisfy the finite derivative conditions 

a@,( a, y)  /ax and a@, (x,b) /ay, respectively. It is significant to note 

that the constant terms, + y), in these 
boundary conditions do nnt make a contribution to the An and Bn, as 

they are mLiltiplied by cos(nxY) and cos(nnX), respectively,  id ?re 

integrated from 0 to I resulting in zero values. Zence, the 0, and 02 - 
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s o l u t i o n s  depend only on t h e  

along w i t h  e,, are iadependent o f  p. A s  a result, it i s  t h e  p f a c t o r  

i n  t h e  

ad jacen t  s ides .  

0, p a r t  of t h e  p a r t i c u l a r  so lu t ion ,  and 

8* func t ion  t h a t  a lone accounts f o r  t h e  unequal h e a t  fluxes on 

BO temperature. - The s o l u t i o n  e = e, + e* + 6 1  + e2 i s  sub- 

s t i t u t e d  i n t o  t h e  d e f i n i t i o n  f o r  t h e  b u l k  temperature: 

The i n t e g r a t i o n s  are c a r r i e d  out, and after considerable  a l g e b r a i c  manip- 

u l a t i o n  t h e  bulk temperature i s  given b y  

02 9 
Bn-+---- ( - l I n  4G2r 

n 3  

n=1,2,3, . * . m=1,3,5, . . 
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The f i n a l  s o l u t i o n  i s  t h e n  given as 

which y and p are t h e  only parameters, 

6 - % = Elir + 8* + 8 1  + 82 - 6+, i n  

LIMITING CASE OF JXFINITE ASPECT R A T I O  

The s o l u t i o n  vas examined f o r  t h e  case where r + m r e s u l t i n g  i n  

t h e  fol lowing l i m i t i n g  a n a l y t i c a l  expression f o r  t h e  w a l l  temperature 

d i s t r i b u t i o n  : 

e ( i , y )  - q, = 

n=1,3,5, . . . 
where (13) and (14)  agree at t h e  corner X = 1, Y = 1, and 

31 
= - (1,03693) n5 32 

n=1,3,5, oi . . 
i n  which t h e  last  number i s  t h e  Riemann 7eta func t ion  or" argument 5. 

DIS LWSS ION 

W a l l  temperature d i s t r i b u t i o n s  were evaluated from t h e  a n a l y t i c a l  

A t  some p laces  along t h e  s o l u t i o n s  and are presented i n  Figs, 2 t o  4. 

w a l l ,  t h e  value of 

t han  Tw, 

+he T v ~ a U  t o  the f l u i d ,  

dverage value-cver +he e q t i r e  c ross  sect ion,  while T, i s  a l o c a i  - n l _ l ~ . ~  

along the T m l l ~ o  

i s  negative, which means that Tb i s  l a r g e r  

This may seem to c o n t r a d i c t  t h e  f a c t  t h a t  h e a t  is flowing from 

Tw - ?b 
Q/.ik 

Bowever, it must be r e c a l l e d  t h a t  Tb i s  an 
c 

because o r  t h p  corn:.lext;cr of t h e  equations, the inf 'hlrnce of the 
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aspec t  r a t i o  r and t h e  h e a t i n g  r a t i o  parameter p are no t  readily ex- 

p l a ined  d i r e c t l y  from t h e  analytical form of t h e  so lu t ion .  

reason, an attempt i s  made t o  present  p h y s i c a l l y  p l a u s i b l e  explanat ions 

f o r  some of t h e  t r e n d s  i n  t h e  graphical  results. The l o c a l  temperature 

d i f f e r e n c e s  Tw - Tb depend only on t h e  q u a n t i t i e s  k,  Q, p,  and y, 

and t h e  phys ica l  s i g n i f i c a n c e  of t h e  p parameter should be kep t  i n  

mind when i n t e r p r e t i n g  t h e  figures. When p = 0, t h e r e  i s  no h e a t  b e i n g  

t r a n s f e r r e d  from the s h o r t  s i d e s ,  s o  a l l  t h e  Q i s  uniformly t r a n s f e r r e d  

from t h e  broad w a l l s  only. For a f ixed  a spec t  r a t i o ,  as p is  r a i sed ,  

an inc reas ing  p o r t i o n  of t h e  Q i s  t r a n s f e r r e d  from t h e  s h o r t  s i d e s  with 

For t h i s  

a corresponding decrease i n  t h e  t o t a l  h e a t  l eav ing  t h e  broad s ides .  When 

p = 1, a l l  po r t ions  of t h e  pe r iphe ry  have t h e  same l o c a l  h e a t  f lux.  

Fig. 2 provides r e s u l t s ,  f o r  var ious a spec t  r a t i o s ,  f o r  t h e  important 

cases  where e i t h e r  only two w a l l s  o r  a l l  fou r  w a l l s  are uniformly heated. 

Consider f i rs t  t h e  set  of s o l i d  l ines f o r  p = 0, vhere a l l  of t h e  Q i s  

b e i n g  d i s s i p a t e d  from only t h e  broad w a l l s .  It i s  convenient t o  consider  

a s e t  of  channels having t h e  same width 2b, t h e  same t o t a l  Q, and wi th  

t h e  a s p e c t  r a t i o  b e i n g  increased by diminishing t h e  spacing 2a. Under 

t h e s e  condi t ions,  t h e  h e a t  f l u x  on t h e  broad s i d e s  w i l l  remain constant.  

I n  a square duct,  y = 1, t h e  h e a t  f l o w  p a t h s  from t h e  two heated w a l l s  

toward t h e  region of high v e l o c i t y  f l u i d  are approximately equal  f o r  a l l  

p o s i t i o n s  on t h e  heated s i d e ,  and hence, t h e  temperature  a long t h e s e  w a l l s  

i s  almost uniform. A s  r i s  increased (by decreasing t h e  spacing, 2,) 

CL bl1c - heated q a i i  temperatui eb decrease because, f o r  narrower duc t s ,  the 

pa ths  for heat flowinp; t o  tkie region of h ighe r  v e l o c i t i e s  are shortened. 
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These paths  a r e  roughly perpendicular  t o  t h e  broad w a l l s  everywhere ex- 

cept  f o r  hea t  f lowing from the  corner regions.  Because of  t h e  low ve- 

l o c i t i e s  near  t h e  s i d e  walls when y i s  l a r g e ,  some of t h e  corner  energy 

must be conducted wi th in  t h e  f l u i d  through a longer  pa th  i n  a d i r e c t i o n  

p a r a l l e l  t o  t h e  broad s i d e s  t o  reach a h igher  v e l o c i t y  region where it 

can b e  c a r r i e d  away more e a s i l y ,  Although t h e  region of low v e l o c i t y  

f l u i d  occupies p ropor t iona te ly  less o f  t h e  c ros s - sec t iona l  area as y 

increases ,  t h e  width of t h e  hea t  conduction pa th  i n  the  d i r e c t i o n  pa ra l -  

lel .  t o  the  heated s i d e  i s  a l s o  decreased as t h e  duct  becomes more narrow. 

A s  a r e s u l t ,  when 

w a l l  goes t o  a l i m i t  with a maximum i n  t h e  corner  (Eqs .  (13) and ( 1 4 ) )  

r a t h e r  than t o  a uniform temperature,  as i s  t h e  case f o r  a duct  of i n f i -  

n i t e  p a r a l l e l  p l a t e s  without bounding s i d e  w a l l s ,  The reason is  t h a t  

t h e r e  must always be a spanwise temperature g rad ien t  t o  t r a n s p o r t  t h e  

imposed hea t ing  away from t h e  low v e l o c i t y  region of  t h e  corners  and s i d e  

ITallS 0 

r + m, t h e  temperature d i s t r i b u t i o n  along t h e  heated 

Now consider  t h e  s e t  of do t t ed  curves f o r  p = 1 i n  Fig. 2. I n  

this i n s t ance  t h e r e  i s  uniform hea t ing  a l l  around t h e  duct periphery,  

and t h e  corner  regions r ece ive  hea t  from two s i d e s  r a t h e r  than from one, 

as w a s  t h e  case for p = 0, 

temperature remains e s s e n t i a l l y  constant as r is  increased. However, 

t h e  temperature g rad ien t s  a long t h e  broad s i d e s  again increase  with 

-La i’emuve The heat from t h e  corner and s i d e  w a l l  regions. 

The i n t e r e s t i n g  consequence is t h a t  t h e  peak 

r 

I n  Fig. i s  shown t h e  e f f e c t  of changing p between 0 acd 1 f o r  

twc; extremes i l l  aspecz r a t i o ,  = 1 and 20. A s  13 i s  increased,  
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t he  s h i f t i n g  o f  hea t  t o  t h e  Tiall, which had been unheated f o r  p = 0, 

t ends  t o  inc rease  i t s  temperature, while t h e  temperature of t h e  w a l l ,  

w5ich had received a l l  t h e  hea t  when p = 0, t ends  t o  decrease. For a 

square duct,  y =1 ( d o t t e d  l i n e s ) ,  the corner  temperatures remain f ixed.  

I n  t h i s  case, although changing p s h i f t s  h e a t  from one s i d e  t o  t h e  

other ,  t h e  hea t ing  received by  t h e  corner r eg ion  remains constant ,  be- 

cause t h e  h e a t  t h a t  i s  removed from one wa l l  t h a t  forms t h e  corner  i s  

added through t h e  other .  mow consider t h e  r e s u l t s  f o r  r = 20 i n  Fig,  3 

( s o l i d  l i nes ) .  A s  B goes from 0 t o  1, it i s  necessary t o  remove only a 

small amount of  t h e  t o t a l  Q from the broad w a l l s  and s h i f t  it t o  t h e  

s h o r t  w a l l s  t o  provide t h e  same uniform h e a t  f lux a t  t h e  s h o r t  w a l l .  The 

low v e l o c i t y  region then receives  a l i t t l e  less h e a t  from t h e  broad w a l l s ,  

b u t  t h i s  decrease i s  much l e s s  t han  the  a d d i t i o n a l  hea t  it rece ives  from 

t h e  s h o r t  walls, 

tu re  g rad ien t  and t h e  corner  temperature as p i s  increased, a r e s u l t  

which w a s  found t n  hold t r ~ e  fsr a l l  r e c t z n . u l m  0 ducts  ( y  1 1). !!%us 

t h e s e  r e s u l t s  l e a d  t o  t h e  important conclusion t h a t  it i s  b e t t e r  t o  

t r a n s f e r  a l l  t h e  h e a t  through t h e  broad w a l l s  o f  r ec t angu la r  channels t han  

t o  d i s t r i b u t e  it around t h e  e n t i r e  per iphery (under t h e  r e s t r i c t i o n s  t h a t  

t h e  w a l l s  are nonconducting and that t h e  h e a t i n g  extends a l l  t h e  way i n t o  

t h e  co rne r s )  

The r e s u l t  is  an increase of b o t h  t h e  spanwise tempera- 

, 

The corner  temperatures a r e  of  p r a c t i c a l  importance because t h a t  

Lc, w x r e  rhe maximum w a l l  temperatures occur f o r  a l l  a spec t  ratio,:  znCl 

values  o€ P. I n  Fig, 4 a r e  shoTm the peak temperatures 2s a fuxct ion 

of t h e  Pspcct ratio Sor various values. The l a r g e s t  reduct ion i n  t h e  

\ 
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corner temperatures of rectangular  channels i s  achieved when a l l  t h e  

hea t  i s  t r a n s f e r r e d  through t h e  broad w a l l s  only ( p  = 0) and when t h e  

aspec t  r a t i o  i s  increased t o  about 10. Beyond y x 10, only a small re- 

duct ion occurs, so t h a t  f o r  rec tangular  cool ing channels i n  nuc lear  re- 

ac to r s ,  where p * 0,03, t h e  optimum aspec t  r a t i o  appears to be about 

10  t o  20. 

temperatures do not drop o f f  as r ap id ly  wi th  l a r g e r  y as f o r  t h e  case  

where p = 0. When t h e  hea t  f lux i s  very n e a r l y  uniform over a l l  w a l l s  

(0.7: c p < l), t h e  peak temperatures are almost constant  f o r  a l l  aspec t  

r a t i o s .  Hence, it i s  concluded t h a t  f o r  many nuclear  r e a c t o r s  t h a t  

d s i l i z e  rec tangular  channels, it would b e  a disadvantage t o  load t h e  

narrow s i d e  w a l l s  wi th  f u e l  even i f  it were possible .  The advantage 

gained by t h e  increased  hea t - t r ans fe r  area would b e  o f f s e t  by t h e  addi -  

t i o n a l  hea t ing  imposed Llear t h e  corner r e s u l t i n g  i n  higher  corner  tempera- 

t u r e s  and h igher  maximum t o  minimum w a l l  temperature d i f fe rences ,  

If t h e  s i d e  w a l l  hea t ing  i s  increased  ( p  > 0), the corner  
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